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What is  
technology? AI? 

How does Google find 
furry robots? 

Mysteries of the 
universe.. WTF is genetic 

programming or 
symbolic regression? 
Why should I care?  



What is AI anyway? 



3. Most recent / pragmatic: 
!LΥ ά! ƳŀŎƘƛƴŜ ǘƘŀǘ Ŏŀƴ ǇŜǊŦƻǊƳ ŀ ƴƻƴ-analytical 
information processing task, at speed / accuracy / 
capacity not possible by a humanΦέ  

2. More recent:  
!LΥ ά! ƳŀŎƘƛƴŜ ǘƘŀǘ Ŏŀƴ ǇŜǊŦƻǊƳ ŀ ŎƻƎƴƛǘƛǾŜ ǘŀǎƪΣ ǘƘŀǘ 
ǿŀǎ ǇǊŜǾƛƻǳǎƭȅ ƻƴƭȅ ǇƻǎǎƛōƭŜ ǿƛǘƘ ŀ ƘǳƳŀƴέ  
[Deep Blue / Chess] 
 

[ibm.com] 

²ƘŀǘΩǎ !ǊǘƛŦƛŎƛŀƭ LƴǘŜƭƭƛƎŜƴŎŜ ό!LύΚ 

1. Original:  
!LΥ ά! ƳŀŎƘƛƴŜ ǘƘŀǘ Ŏŀƴ ǊŜǇƭƛŎŀǘŜ ƘǳƳŀƴ ŎƻƎƴƛǘƛǾŜ 
ōŜƘŀǾƛƻǊέ [Turing test] 



Optimization 
            άCƛƴŘ ǘƘŜ Ȅ ǘƘŀǘ ƳŀȄƛƳƛȊŜǎ ŦόȄύέ 
(With as few evaluations of f(x) as possible) 

            x 

f(x)  

Find this 



Classification, in 2D 

Salary 

Age 

Salary 

Age 

5ƛŘƴΩǘ Ǉŀȅ 

Paid bills 

Credit profile: 



Regression, in 1D 

            age 

job 

satisfaction 

age 

job 

satisfaction 



Regression, in 2D 

How: Polynomials, splines, neural networks, support vector 
ƳŀŎƘƛƴŜǎΣ Dŀǳǎǎƛŀƴ ǇǊƻŎŜǎǎ ƳƻŘŜƭǎΣ ōƻƻǎǘŜŘ ǘǊŜŜǎΣ Χ [many refs]  



Symbolic Regression (SR) 
(Like regression, but output a symbolic model too) 

Y 

X 

Symbolic model: 
y=50.2 + 9.1 ω x  

    + 3.2 ω max(0, x2)  

Y 

X 

[e.g. McConaghy 2005;  
McConaghy 2011] 



!L Iŀǎ ŀ ¢ƻƻƭōƻȄ ƻŦ ²ŀȅǎ ǘƻ {ƻƭǾŜΧ 

 
ωClassification ς CǊŀǳŘ ŘŜǘŜŎǘƛƻƴΣ ǎǇŀƳ ŦƛƭǘŜǊƛƴƎ Χ 
ωRegression ς {ǘƻŎƪ ǇǊŜŘƛŎǘƛƻƴΣ ǎŜƴǎƛǘƛǾƛǘȅ ŀƴŀƭȅǎƛǎ Χ 
ωWhitebox regression ς {ŎƛŜƴǘƛŦƛŎ ŘƛǎŎƻǾŜǊȅ Χ 
ωOptimization ς !ƛǊŦƻƛƭ ŘŜǎƛƎƴΣ ŎƛǊŎǳƛǘ ǎƛƳǳƭŀǘƛƻƴ Χ 
ωStructural synthesis ς !ƴŀƭƻƎ ǎȅƴǘƘŜǎƛǎΣ ǊƻōƻǘƛŎǎ Χ 
ωPattern recognition ς CŀŎŜ ǊŜŎƻƎƴƛǘƛƻƴΣ ƻōƧŜŎǘ ǊŜŎƻƎ Χ 
ωSystem identification ς {ŎƛŜƴǘƛŦƛŎ ŘƛǎŎƻǾŜǊȅ Χ 
ωRanking ς ²Ŝō ǎŜŀǊŎƘΣ ŀŘ ǎŜǊǾƛƴƎΣ ǎƻŎƛŀƭ ŘƛǎŎƻǾŜǊȅ Χ 
ωControl ς Auto-ŘǊƛǾƛƴƎ ŀǳǘƻǎΣ ǎǇŀŎŜŎǊŀŦǘ ǘǊŀƧŜŎǘƻǊƛŜǎ Χ 
ωΧ 
 



AI Sub-fields 

ωmachine learning 
ωevolutionary computation 
ω fuzzy logic 
ωdata mining 
ωartificial general intelligence 
ωpattern recognition 
ω .. 
ω (nee) nonlinear programming 
ω (nee) databases 
ω .. 



Genetic Programming (GP): 
A branch of a branch of AI 

But a super-cool one.. 







GP for SR 

ά! ŦǳƴŎǘƛƻƴ ƛǎ ŀ treeέ 
f(x) = 4.8*x3 + Ҟx2 

4.8 

Ҟ *  

x2 

+ 

x3 

Searches through the space of trees:  

1. Initial random population; evaluate 

2. Create children from parents via operators; evaluate 

3. Select best; goto 2 
 



GP for SR: Crossover Operator 



Example: GP for SR on Circuits 

[McConaghy 2005] 

GP/ 



What is technology anyway? 



Technology 



Technology 



Technology 



Technology 



Technology 



Technology 



Technology ς Alternate Definition 

 ά²Ŝ Ŏŀƴ ǎŀȅ ǘƘŀǘ ǎƻƭǾƛƴƎ ƭŜŀǎǘ-squares 
ǇǊƻōƭŜƳǎ Χ ƛǎ ŀ όƳŀǘǳǊŜύ technology, that can 
be reliably used by many people who do not 
ƪƴƻǿΣ ŀƴŘ Řƻ ƴƻǘ ƴŜŜŘ ǘƻ ƪƴƻǿΣ ǘƘŜ ŘŜǘŀƛƭǎΦέ 

 

ωBoyd and Vandenberghe, Convex Optimization, 2004 



Technology ς Alternate Definition 

 I would say that least squares is a mature 
technology. ...This is the highest praise. 
Χ²Ƙŀǘ ƛǘ ƳŜŀƴǎ ƛǎ ǘƘŀǘ ƻǘƘŜǊ ǇŜƻǇƭŜ ƪƴƻǿ 
enough about the theory, the algorithms, and 
the implementations are so good and so 
ǊŜƭƛŀōƭŜ ǘƘŀǘ ǘƘŜ ǊŜǎǘ ƻŦ ǳǎ Ŏŀƴ Ƨǳǎǘ ǘȅǇŜ ά! κ 
.έΦ 

 

ςTranscript of Steve Boyd Stanford lecture on convex optimization.  
http://see.stanford.edu/materials/lsocoee364a/transcripts/ConvexOptimizationI-
Lecture01.pdf 



Technology ς Alternate Definition 

 IŜǊŜΩǎ ǘƘŜ ǊŜŀƭƭȅ Ŏƻƻƭ ǇŀǊǘ ŀōƻǳǘ ƭƛƴŜŀǊ 
programming .. [these problems] are solved. 
Unless your problem is huge or you have 
some super real time thing like in 
communications, then [once you formulate 
ǘƘŜ ǇǊƻōƭŜƳ ŀƴŘ Ǌǳƴ [tϐ ǘƘŜǊŜΩǎ ŀ ǎŜƴǎŜ ƛƴ 
ǿƘƛŎƘ ȅƻǳΩǊŜ ƪƛƴŘ ƻŦ ŘƻƴŜΦ 

  

ςTranscript of Steve Boyd Stanford lecture on convex optimization.  
http://see.stanford.edu/materials/lsocoee364a/transcripts/ConvexOptimizati
onI-Lecture01.pdf 



hƴ ōŜŎƻƳƛƴƎ ŀ άǘƻƻƭέ 

ωSVMs were introduced in the late 90s 

ςAnd have become a standard tool in the 
ǇǊŀŎǘƛǘƛƻƴŜǊǎΩ ǘƻƻƭōƻȄ 

ωConvex optimization was popularized in the 
late 90s 

ς!ƴŘ ƛǎ ōŜŎƻƳƛƴƎ ŀ ǎǘŀƴŘŀǊŘ ǘƻƻƭ ƛƴ ǇǊŀŎǘƛǘƛƻƴŜǊǎΩ 
toolbox 

ωGP was popularized in the early 90s 

ς!ƴŘ ƛǎ ƴƻǘ ŀ ǎǘŀƴŘŀǊŘ ǘƻƻƭ ƛƴ ǘƘŜ ǇǊŀŎǘƛǘƛƻƴŜǊǎΩ 
toolbox 



GP and Technology 

Recently, a gauntlet was thrown: 

 άIƻǿ Ŏŀƴ Dt ōŜ ǎŎƻǇŜŘ ǎƻ ǘƘŀǘ ƛǘ ōŜŎƻƳŜǎ ŀƴƻǘƘŜǊ 
standard, off-the-ǎƘŜƭŦ ƳŜǘƘƻŘ ƛƴ ǘƘŜ άǘƻƻƭōƻȄŜǎέ ƻŦ 
scientists and engineers around the world? Can GP follow 
in the same vein of linear programming? 

  

 ά{Ŏŀƭŀōƛƭƛǘȅ ƛǎ ŀƭǿŀȅǎ ǊŜƭŀǘƛǾŜΦ Dt Ƙŀǎ ŀǘǘŀŎƪŜŘ ŦŀƛǊƭȅ ƭŀǊƎŜ 
problems, but how can GP be improved to solve 
ǇǊƻōƭŜƳǎ ǘƘŀǘ ŀǊŜ млȄΣ мллȄΣ мΣлллΣлллȄ ƘŀǊŘŜǊΚέ 

 
ςaŎ/ƻƴŀƎƘȅΣ wƛƻƭƻΣ ŀƴŘ ±ƭŀŘƛǎƭŀǾƭŜǾŀΣ άDŜƴŜǘƛŎ ǇǊƻƎǊŀƳƳƛƴƎ 
ǘƘŜƻǊȅ ŀƴŘ ǇǊŀŎǘƛŎŜΥ ŀƴ ƛƴǘǊƻŘǳŎǘƛƻƴέΣ Dt¢t ±LLLΣ {ǇǊƛƴƎŜǊΣ нлмл 



GP SR and Technology 

I gave this gauntlet to myself: 

 άIƻǿ Ŏŀƴ Dt {w ōŜ ǎŎƻǇŜŘ ǎƻ ǘƘŀǘ ƛǘ ōŜŎƻƳŜǎ ŀƴƻǘƘŜǊ 
standard, off-the-ǎƘŜƭŦ ƳŜǘƘƻŘ ƛƴ ǘƘŜ άǘƻƻƭōƻȄŜǎέ ƻŦ ǎŎƛŜƴǘƛǎǘǎ 
and engineers around the world? Can GP SR  follow in the 
same vein of linear programming? 

  

 ά{Ŏŀƭŀōƛƭƛǘȅ ƛǎ ŀƭǿŀȅǎ ǊŜƭŀǘƛǾŜΦ Dt {w Ƙŀǎ ŀǘǘŀŎƪŜŘ ŦŀƛǊƭȅ ƭŀǊƎŜ 
problems, but how can GP SR be improved to solve problems 
ǘƘŀǘ ŀǊŜ млȄΣ мллȄΣ мΣлллΣлллȄ ƘŀǊŘŜǊΚέ 

 

 



Summary:  
Aiming for SR* as a Technology 

* SR ґ Shopping Robot 
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SR Problem Definition 
ωGiven (X,y) 

ωFind a whitebox model (or models) 

ωThat minimizes error 

ωAnd minimizes complexity 



SR Problem Definition 
ωGiven (X,y) 

ωFind a whitebox model (or models) 

ωThat minimizes error 

ωAnd minimizes complexity 

 

Desirable Features: 

ωScalable (# variables, # samples) 

ωFast 

ωReliable, consistent results 
ς5ŜǊŀƴŘƻƳƛȊŜŘ Ҧ ŘŜǘŜǊƳƛƴƛǎǘƛŎΚ ό/a!9{ Ҧ ·κȅύ 

ω Ideal: simple algorithm 
ς!ǊŎƘΦ !ƭǘŜǊƛƴƎ hǇǎ Ҧ tǳǎƘ Ҧ Χ 

ςCCbbǎ Ҧ {±aǎ 

ω Ideal: hits global optimum (on problem formulation) 



Summary of Goal 
Speed of LS, Accuracy of GP-SR 



A (Re) Introduction to 
Regression 



1D Linear Least-Squares Regression 

x1 

y
 



1D Linear LS Regression 

x1 

y
 

Many possible linear models! 



1D Linear LS Regression 

x1 

Find linear model that 
ƳƛƴƛƳƛȊŜǎ ңόȅƘŀǘi-yi)

2 

for all i in training data 
y

 



1D Linear LS Regression 

x1 

Find linear model that 
ƳƛƴƛƳƛȊŜǎ ңόȅƘŀǘi-yi)

2 
y

 

That is: 
[w0, w1ϐϝ Ґ ŀǊƎƳƛƴ ңόȅƘŀǘi-yi)

2  

where yhat(x1) = w0 + w1 * x1 



1D Linear LS Regression 

x1 

y = 1.1 + 2.3 * x1 

i.e. w0=1.1, w1=2.3 
CƻǳƴŘ ǿƛǘƘ άƭŜŀǎǘ-ǎǉǳŀǊŜǎ ƭŜŀǊƴƛƴƎέ 
όŀƳƻǳƴǘǎ ǘƻ ҒƳŀǘǊƛȄ ƛƴǾŜǊǎƛƻƴύ 

y
 



1D Quadratic LS Regression 

x1 

y
 

[w0, w1, w11ϐϝ Ґ ŀǊƎƳƛƴ ңόȅƘŀǘi-yi)
2  

where yhat(x1) = w0 + w1 * x1 + w11 * x1
2 

 

We are applying linear (LS) learning on 
linear & nonlinear basis functions.  OK! 



1D Nonlinear LS Regression 

x1 

y
 

[w0, w1, wsinϐϝ Ґ ŀǊƎƳƛƴ ңόȅƘŀǘi-yi)
2  

where yhat(x1) = w0 + w1 * x1 + wsin * sin(x1) 
 

We are applying linear (LS) learning on linear & 
nonlinear basis functions.  OK! 



2D Linear LS Regression 
[w0, w1, w2ϐϝ Ґ ŀǊƎƳƛƴ ңόȅƘŀǘi-yi)

2  

where yhat(x) = w0 + w1 * x1 + w2 * x2 



2D Quadratic LS Regression 

[w0, w1, w2, w11, w22, w12ϐϝ Ґ ŀǊƎƳƛƴ ңόȅƘŀǘi-yi)
2  

where yhat(x) = w0 + w1 * x1 + w11 * x1
2 + w22 * x2

2 + w12 * x1 * x2 
 



Generalized Linear Model (GLM) 

Generalized linear model (GLM) of B basis functions. 
yhat(x) =  w0 + w1 * f1(x) + w2 * f2(xύ Ҍ Χ Ҍ ǿB * fB(x)  
 
Just treat each basis function as an input variable, and LS-learn! 
Examples:  

ω yhat(x1) = w0 + w1 * x1 + w11 * x1
2 

ω yhat(x1) = w0 + w1 * x1 + wsin * sin(x1) 
ω yhat(x) = w0 + w1 * x1 + w11 * x12 + w22 * x22 + w12 * x1 * x2 

ω polynomials, SVMs, FFNNs, many GP SR.  Universal approximator! 

x1 

y
 



Constraint on LS Regression? 

x1 

y  

x1 

y  

(1D Example) 
 
 
1 Sample ς too few 
 
 
 
 
2 Samples ς enough 
 
 
General rule? 



Constraint on LS Regression 

x1 

y
 

General Rule:  
ω If n ǾŀǊƛŀōƭŜǎΣ ƴŜŜŘ b җ ƴҌм ǘǊŀƛƴƛƴƎ ǎŀƳǇƭŜǎ 

 

Examples:  
 

1D Lin: [w0, w1]*  
= argmin ңόyhati-yi)

2 
bŜŜŘǎ җ мҌм Ґ н ǘǊŀƛƴƛƴƎ ǎŀƳǇƭŜǎΦ 

2D Quad [w0, w1, w2, w11, w22, w12]*  
   Ґ ŀǊƎƳƛƴ ңόȅƘŀǘi-yi)

2                     
bŜŜŘǎ җ сҌм Ґ т ǘǊŀƛƴƛƴƎ ǎŀƳǇƭŜǎΦ 
 



LS Regression On High Dimensionality 
 

Consider 10,000 basis functions in a GLM 
Q: Can we fit this with LS-learning? 
!Υ ¸ŜǎΗ  ό!ǎ ƭƻƴƎ ŀǎ җмлΣллм ǎŀƳǇƭŜǎύϝ 
 
 
Consider 1M basis functions in a GLM 
Q: Can we fit this with LS-learning? 
!Υ ¸ŜǎΗ  ό!ǎ ƭƻƴƎ ŀǎ җмaҌм ǎŀƳǇƭŜǎύϝ 
 
*and no memory issues etc 

  



Regression in 106D ? 

y 

How?? (and why??) 



90  turné 





How does Google find furry robots? 


